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Abstract 

In this paper we obtain the entropy formula of black hole solutions 
of Minimal Massive Gravity (MMG) by Tachikawa method [1] . Then 
we apply this formula for BTZ black hole solution. We find that the 
usual Bekenstein-Hawking entropy is modified. The modification come 
from Ghern-Simons (GS) term and new term in MMG. The contribu¬ 
tion of CS term, which is proportional with inner radius of horizon is 
not new, but last term which is due to the new term of MMG, as usual 
is proportional to the outer radius of horizon and is new result. Then 
we show that the total entropy exactly can be reproduced by Cardy 
formula for entropy of the dual boundary CFT. 
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1 Introduction 


Recently an interesting three dimensional massive gravity introduced by 
BergshoefF, et.al [2] which dubbed Minimal Massive Gravity (MMG), which 
has the same minimal local structure as Topologically Massive Gravity 
(TMG) [3]. The MMG model has the same gravitational degree of free¬ 
dom as the TMG has and the linearization of the metric field equations for 
MMG yield a single propagating massive spin-2 field. So both models have 
the same spectrum [3]. However, in contrast to TMG, there is not bulk vs 
boundary clash in the framework of this new model. One can obtain MMG 
by adding the GS deformation term and an extra term to pure Einstein grav¬ 
ity with a negative cosmological constant. So importance of the work [2] is 
not only solve the problem of TMG, but also do this by introduction only 
one parameter. During last months some interesting works have been done 
on MMG model [3]. More recently, this model has been extended to General 
Minimal Massive Gravity theory (GMMG) [5]. GMMG is a unification of 
MMG with New Massive Gravity (NMG) [6], so this model is realized by 
adding the higher derivative deformation term to the Lagrangian of MMG. 
We know that the BTZ [7] black hole solution of Einstein gravity with a 
negative cosmological constant, which has constant curvature solves triv¬ 
ially TMG. In the other hand since MMG locally has the same structure as 
that of TMG, BTZ should also be solution of MMG. Now it is interesting 
to obtain entropy of BTZ black hole as a solution of MMG and investigate 
the contribution of new term of MMG in entropy. 

The general formula for entropy of black hole solution of arbitrary general 
covariant Lagrangian constructed from metric has been obtained by Wald, 
et.al [UEIITO]. But one can not apply the Wald’s formula to obtain entropy 
of black holes in the context of MMG, for couple reasons. At first, because 
the Lagrangian of MMG is not covariant due to the presence of GS term. 
Second, because the the Lagrangian of MMG has written in first formalism 
due to the new term of MMG. The extension of the Wald’s approach to the 
TMG, was provided by Tachikawa [1] (see also [II1II2]). In the present pa¬ 
per we show that Tachikawa method work for MMG as well. To apply this 
approach to the black hole solution of MMG, it is sufficient to obtain the 
conserved current and corresponding conserved charge. This formulation for 
conserved charge reproduce the expression of total entropy of black holes in 
MMG. Here we probe this method for BTZ solutions. The total entropy of 
BTZ solution has dual meaning in terms of boundary GET. Then we show 
that the total entropy can be reproduce exactly by using the Cardy formula. 
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2 Minimal massive gravity and conserved charge 

The Lagrangian 3-form of MMG is given by [2] 

ct 

Lmmg = Ltmg + ^ ^ ( 1 ) 

where Ltmg is the Lagrangian of TMG, 

Ltmg = —cre.R H - ^e.e x e + h.Tiuj) -\ - (u.du H — uj.lo x uj) (2) 

6 2/i 3 

where Aq is a cosmological parameter with dimension of mass squared, and 
a a sign. ^ is mass parameter of Lorentz Ghern-Simons term, a is a di¬ 
mensionless parameter, e is dreibein, h is the auxiliary field, uj is dualised 
spin-connection, T{uj) and R{uj) are Lorentz covariant torsion and curva¬ 
ture 2-form respectively. One can rewrite the Lagrangian 3-form Lmmg ^-s 
following 


Lmmg = -creaR°‘ + -b haT^ + -^[ujadu;'^ + ^e°-^^uJaUJbU!c] 

6 2/i 3 

+ (3) 

The equations of motion of the above Lagrangian by making variation with 
respect to the fields h, e and uj are as following respectively 

T{uj) + ae X h = 0 (4) 

— aR{uj) + -^e X e + D{uj)h + —h x h = 0 (5) 

R{uj) + fie X h — afiT{uj) = 0 (6) 

where the locally Lorentz covariant torsion and curvature 2-forms are 

T{uj) = de + UJ X e, (7) 

R{uj) = duj + X UJ (8) 

The covariant exterior derivative D{uj) in Eq.([5]) is given by 

D{uj)h = dh + UJ X h (9) 

The hrst-order variation of Lmmg is given by 


3 


1 cx 

SLmmg = <5e • [-aR{io) + x e + D{u})h + —h x h] 
+5oj ■ [—i2(a;) — aT{uj) + e x h]+ 5h ■ [r(w) + ae x h\ 


+ d{—(T5oj ■ e + —5oj ■ oj + 6e ■ h), (10) 

^IJi 

where we have used the relations [5, h]a; = 0, [<5, d]e = 0. We can express the 
above variation of Lmmg as [ T ] 

5^mmg = + (11) 

$ 


here Ei^ denotes the equation of motion associated with field but 0 is 
sympletic potential. From Eg. (1101) sympletic potential is given by 

0 = —adu ■ e H- 5uj ■ lo + 6e ■ h. (12) 

2/i 

Now we consider following condition as has been considered by Tachikawa 
in m for TMG, 

d^LMMGi^) = £cLmMg{^) + (13) 

where is a suitable 2-form, 5^ is the variation induced by diffeomorphism 
by the vector held while denotes the Lie derivative with respect to 
As have been mentioned in [T] the above condition means that the dif¬ 
feomorphism generated by is a symmetry, the corresponding conserved 
on-shell is m 

= 0(<1>, (5g<l>) — (14) 

so, dJ^ ~ 0, where ~ denotes the equality on-shell, is the interior product, 
is exact on-shell, so there is a 1-form Q^, such that |14] 

~ dQ^ (15) 


Thus is the conserved Noether current and is corresponding conserved 
charge. 

In our problem, since lo and e are tensor so 

6^lo = £^uj 6^e = £^e (16) 

due to this, in Eq. (fT4)l Tg = 0 and we have 

Jg = 0(<I>, (5g<I>) - z^Lmmg- (17) 
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By substituting 0 and Lmmg from Eas. ffT^ . ([T]) respectively into Ea. (fT7)l . 
and replacing variation 6^uj , 5^e by their Lie derivative and also using fol¬ 
lowing identity 

= di^ -|- i^d (18) 

finally we obtain following expression for 


= —ai^uj ■ e -|- ■ uj + i^e ■ h. 


(19) 


Now by inserting T{uj) from Eq.([7]) into equation of motion (jj]) we obtain 

[ 2 ] 

de + ^ X e = 0, (20) 


where new dual spin-connection 1-form n(e) which is torsion-free is given 

by 

Q = uj + ah ( 21 ) 

By considering 1 -|- aa ^ 0, and using following identities 


D(0)r(0) = R{Vl) X e, D{n)R{n) = 0, 
one finds that the field equations imply [2] 

e ■ h = 0 

then as have been obtained in [2] we have 

1 


/i(l -|- acr)^ 




where 3D Schouten tensor is given by 

SfjLV - RflV 

Now by using Ea. (l21l) we rewrite in Ea. (ll9l) as following 
= —ai^Q ■ e H- ■ D -|- i^e ■ h + aai^h ■ e 

Of 

— — ■ h + i^h • Q — ai^h • h ), 

then using Eq. (|23p the above charge takes final form 


( 22 ) 

(23) 

(24) 


(25) 


(26) 


= —• e -|- —• D -|- (1 -|- aa)i^e ■ h 

Zi jJj 

OL 

— — (zjD • h -|- i^h ■ D — ai^h ■ h) , (27) 

^LL 

The above equation give us the general conserved charge for calculations of 
entropy of any black hole solution of MMG. 
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3 General formula for entropy and its application 
in BTZ black hole 


In this section we consider the general formula which has been obtained 
by Tachikawa [ I ] (see also m) for the Chern-Simons contribution to the 
entropy 

S = — [ (28) 

where S is the Cauchy surface, k is surface gravity, and is conserved 
charge which we have obtained by equation (j27j) in the context of MMG. 
The above entropy formula is a general equation for any black hole solution 
in the context of MMG, because as we have mentioned in the last paragraph 
of previous section, the conserved charge is generic. 

As an application of above formula here we consider the BTZ black hole 
solution, and probe this equation for such black hole solutions of MMG. 
Since MMG locally has the same structure as that of TMG then BTZ black 
hole solution of TMG, are also the solution of MMG. The metric of rotating 
BTZ black hole is given by [7] 


ds^ = — 




2.^,2 


l^r 




- rl){r^ - r^_) 


Ir'^ 


/ n - —dr^ + r^idcj) — ' T o dty 

(29) 

where r_|_ and r_ are outer and inner radiuses of horizon respectively. Now 
using following components of dreibein for the above metric 


& 

o 

1 

1>0 

1 

to 

1 

1 

y dt 


V 


e 



2 _ / ^^2 > 

1 

1 dr, 

(30) 

\{r^ - Tl)(r^ - r^_)) 

and Kiling vector field 



II 

o 


(31) 


we obtain following expression for conserved charge Ea. (l27p 


{rX-rV) r_ a(l - aAo/^)r+ 


(32) 
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Surface gravity k for BTZ metric is as 





(33) 


Then by substituting Eas. (l52]) . (1551) into general entropy formula (1251) . 'w® 
obtain 


S = 



47r^r_ 

fil 


2a7r^r_|_(l — aA^P) 
fi‘^P{l + aay ’ 


(34) 


In order to obtain final form of entropy we should multiply the above result 
in factor g^, which is a coefficient in Lagrangian we have ignored at first 
(see also US ]). So our final result for entropy of BTZ black hole solutions of 
MMG is as 
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vr r_ 


ar+(l — uAqP) 
2p^P{l + aaY 


(35) 


The first term in the above formula come from the Einstein-Hilbert and cos¬ 
mological terms of Lagrangian LmmGj tlie second term is the contribution 
of Chern-Simons term, and last term is due to the new term of MMG, which 
is a new result. It is interesting that by this method not only we have ob¬ 
tained the contribution of non-covariant part of Lagrangian (Ghern-Simons 
term) in the entropy, but also we have obtained the contributions of another 
part as well. In the next section we show that the result (I35p for the entropy 
of BTZ solution of MMG is exactly coincide with what we obtain by Gardy 
formula for microscopic entropy of dual GET of black hole. 


4 CFT consideration 


In this section we would like to compute the entropy of the BTZ black hole 
solution of MMG by assuming the existence of a dual GET [2|.The left and 
right temperatures of the BTZ black hole is given by m (see also mm) 


r+ - r_ _r++r_ 

27r/2 ’ 27rP 


(36) 


In term of these quantities, the microscopic Cardy formula for the entropy 
is ^ 

S=^iCLTL + CRTR) (37) 

where Cr and Cr are left and right central charges of dual CFT respectively. 
As have been discussed in [2] , the two copies of the Virasoro algebra on the 
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boundary has the following central charges 


_ 3/ 1 a(l - aKof) ^ _ 3/ , 1 a(l - aAo/^) . 

/i/ 2/i2/2(l+af^)2h /i/ 2/i2Z2(i + a^)2l 

(38) 

Now by inserting left and right temperatures from Ea. (l36p . and also the 
above central charges into Ea. (l371) we obtain 


S 


TT r_ 


Q:r+(1 — oAqI'^) 
2/i2/2(l -g q-(7)2 


(39) 


which is exactly the same result Eg . (1351) . we have obtained from general 
entropy formula for BTZ black hole solution of MMG. 


5 Conclusion 

In the present paper we have obtained the conserved current and corre¬ 
sponding charge for entropy of black hole solutions of MMG, which have 
been given by Eas. (fT7|) . (1271) respectively. Equation (127)) give us the general 
conserved charge for calculations of entropy of any black hole solution of 
MMG. Then according to the method of Tachikawa [T] for calculation of 
entropy, we have used equation (f28]) . and could obtain the entropy of BTZ 
black hole solution of MMG. Our result is given by Eg. (1351) . As one can see, 
this expression contain 3 terms. The first term come from Einstein gravity 
in the presence of negative cosmological constant. The second term is due 
to the CS term, and last term is the contribution of new term of MMG, 
and is proportional to the parameter a. The GS term in the Lagrangian of 
MMG is non-covariant and its contribution to the entropy is proportional to 
r_, however, the cosmological Einstein gravity part and new term of MMG 
give us a contribution proportional to r+. After that in order to check that 
our result ([3^ is correct, we have reproduced it by using the Cardy formula 
for entropy of boundary GET. The result by this method is exactly coincide 
with (1351) . 
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